The starting point is the celebrated theorem of H. Hasse stating that the set of primes p which divide a number of the form 2 a + 1 has the natural density 17/24 ( [2] ).
What about the primes dividing some number of the form 2
Let ord p (2) denote the multiplicative order of 2 mod p.
Theorem 1 If a prime number p satisfies
then it divides some number of the form
Proof . Let us take a prime p satisfying
For such a prime p the powers of 2 mod p are exactly the non-zero power residues of dth degree, where
. Ü blicherweise wird die Anzahl der Primzahlen kleiner gleich x mit π(x) bezeichnet. Der Primzahlsatz besagt, dass sich π(x) asymptotisch wie x/ log(x) verhält. Bezeichnet H(x) die Anzahl der Primzahlen kleiner gleich x, die eine Zahl der Form 2 a + 1 teilen, so hat H. Hasse gezeigt, dass der Grenzwert lim x→∞ H(x)/π(x) existiert und gleich 17/24 ist. In der vorliegenden Arbeit wird nun die Anzahl T(x) der Primzahlen kleiner gleich x untersucht, die eine Zahl der Form 2 a + 2 b + 1 teilen. Unter Verwendung einer Vermutung von P. Erdös wird lim x→∞ T(x)/π(x) = 1 gezeigt. Now, let us consider the Fermat curve
By the Hasse-Weil theorem (for instance [3] , Proposition 8.4.1) the number N p of its points in F p satisfies the inequality
This means exactly what we want:
Now, let A(x, c) denote the number of primes p below x with ord p (2) < p c (Erdös [1] ). At the bottom of the first page of [1] Erdös states the conjecture: For each c < 1
So, having the above conjecture of Erdös proved for c = 0.8 we would obtain from Theorem 1
Conjecture 1 Let T(x) denote the number of primes p below x which divide some number of the form
2 a + 2 b + 1. Then T(x) = (1 + o(1)) x log x .
Theorem 2 Assume that a natural number m satisfies the inequality
where Ω(n) is the number of prime factors of n counted with multiplicities. Then, there exists a prime number q, dividing 2 m − 1 and such that q does not divide any number of the form 2 a + 2 b + 1.
Proof . Let us assume to the contrary that for each prime divisor q of 2 m − 1 there exist non-negative integers a q , b q such that q | (2 a q +2 b q +1). Taking into account the canonical decomposition of
(where q j are distinct and n j > 0), let us consider the number
On the one hand, M is divisible by 2 m − 1. However, on the other hand, it is a sum of (not necessarily distinct) 3 We hope that our two conjectures are more tractable than, say, the conjecture on infinitude of Mersenne primes, and are interesting enough to stimulate some further investigations.
